We show the existence of prime divisors computing minimal log discrepancies in positive characteristic except for a special case. Moreover we prove the lower semicontinuity of minimal log discrepancies for smooth varieties in positive characteristic.
Introduction
The minimal log discrepancy is an important invariant of singularities in birational geometry. The study of minimal log discrepancies in characteristic 0 has been developed based on the resolution of singularities. We showed that the existence of a prime divisor computing the minimal log discrepancy using resolution of singularities and proved many properties of minimal log discrepancies using divisors computing minimal log discrepancies.
In positive characteristic, the existence of a prime divisor computing the minimal log discrepancy is not known in general. The main difficulty in dealing with minimal log discrepancies in positive characteristic is the lack of resolution of singularities. In this paper we prove the existence of a prime divisor computing the minimal log discrepancy in arbitrary characteristic. Theorem 1.1 (Theorem 3.4, Theorem 3.9). Let X be a log canonical variety over an algebraically closed field k of arbitrary characteristic, W be a closed subset of X, a ⊂ O X be a non-zero ideal sheaf and c ∈ R ≥0 .
(1) If c = lct W (a), then there exists a prime divisor E over X computing mld(W ; X, a c ). (2) If c < lct W (a), then there exist prime divisors E 1 , . . . , E n over X such that c X (E i ) ⊂ W and for any s ∈ [0, c], mld(W ; X, a s ) = min 1≤i≤n a(E i ; X, a s ).
In [1] , Ambro posed the lower semicontinuity (LSC) conjecture for minimal log discrepancies.
Yasuda [4] ; locally complete intersection varieties over C by Ein and Mustaţǎ [2] ; quotient singularities over C by Nakamura [9] .
In this paper, we will show LSC conjecture for smooth varieties in arbitrary characteristic. Theorem 1.3. Let X be a smooth variety over an algebraically closed field k of arbitrary characteristic, a ⊂ O X be a non-zero ideal sheaf and c ∈ R ≥0 . Suppose that c < lct(a). Then the map |X| → R ≥0 , x → mld(x; X, a c ) is lower semicontinuous, where |X| is the set of all closed points of X.
The structure of this paper is as follows: In Section 2 we give the definitions of minimal log discrepancies and jet schemes. In Section 3 we prove the existence of a prime divisor computing the minimal log discrepancy in arbitrary characteristic. In Section 4 we prove the LSC conjecture for smooth varieties in arbitrary characteristic using jet schemes.
the log canonical threshold of the pair (X, a) at W and the log canonical threshold of the pair (X, a) at η as follows:
We simply write lct W (a) (resp. lct η (a)) instead of lct W (X, a) (resp. lct η (X, a)) if no confusion is possible. If W = X, we write lct(a) instead of lct X (a).
Definition 2.6. Let X be a Q-Gorenstein normal variety, W be a closed subset of X, η be a point of X, a ⊂ O X be a non-zero ideal sheaf and c ∈ R ≥0 . We say that a prime divisor E over X computes mld(W ; X, a c ) (resp. mld(η; X, a c )) if the center of E is contained in W (resp. is {η}) and either a(E; X, a c ) = mld(W ; X, a c ) (resp. a(E; X, a c ) = mld(η; X, a c )) or a(E; X, a c ) < 0.
2.2.
Jet schemes and arc spaces. We briefly review in this subsection jet schemes and arc spaces. The reader is referred to [3] and [8] for details. Let X be a scheme of finite type over k, Sch/k be the category of k-schemes and Set be the category of sets. Define a contravariant functor F m : Sch/k → Set by
Then, F m is representable by a scheme X m of finite type over k. The scheme X m is called the m-jet scheme of X. The canonical surjection k[t]/(t m+1 ) → k[t]/(t n+1 ) (n < m < ∞) induces a morphism ψ mn : X m → X n . There exists the projective limit
and it is called the arc space of X. There is a bijection for a k-algebra A as follows:
Definition 2.7. For a scheme X of finite type over k, let X m (m ∈ Z ≥0 ) and X ∞ be the m-jet scheme and the arc space of X. Denote the canonical truncation morphisms by ψ m : X ∞ → X m and π m : X m → X. To specify the space X, we sometimes write ψ X m and π X m . Definition 2.8. For an arc γ ∈ X ∞ , the order of an ideal a ⊂ O X measured by γ is defined as follows: let γ * : O X,γ((t)) → k[[t]] be the corresponding ring homomorphism of γ. Then, we define
We define the subsets "contact loci" in the arc space as follows:
By this definition, we can see that
is the closed subscheme defined by the ideal a in X. We can define in the same way the subset Cont ≥m (a) n (if m ≤ n + 1) of X n and we have Cont ≥m (a) = ψ −1 n (Cont ≥m (a) n ). Note that Cont ≥m+1 (a) m = Z(a) m . Definition 2.9. Let X be a smooth variety, η ∈ X be a (not necessarily closed) point and a ⊂ O X be a non-zero ideal sheaf. We define the codimension of Cont ≥m (a) ∩ π −1 ∞ (η) and the codimension of Cont ≥m (a) n ∩ π −1 n (η) for m ≤ n + 1 as follows: 
Remark 2.11. In [8] , the above theorem is stated under more general setting.
In this paper, we need only this form. Since X is smooth, by the definition of the Mather-Jacobian log discrepancy, we have mld(W, X, a c ) = mld MJ (W ; X, a c ), where mld MJ (W ; X, a c ) is the Mather-Jacobian minimal log discrepancy, on which we do not give here the definition because we do not use it.
Divisors computing minimal log discrepancies
In this section, we prove the existence of a prime divisor computing the minimal log discrepancy in arbitrary characteristic. Lemma 3.1. Let X be a Q-Gorenstein normal variety, W be a closed subset of X, η ∈ X be a point, a ⊂ O X be a non-zero ideal sheaf and c ∈ R ≥0 .
(1) If mld(W ; X, a c ) = −∞, then there exists a prime divisor E over X computing mld(W ; X, a c ). (2) If mld(η; X, a c ) = −∞, then there exists a prime divisor E over X computing mld(η; X, a c ).
Proof. (1) Since mld(W ; X, a c ) = −∞, there exists a prime divisor E over X such that a(E; X, a c ) < 0 and c X (E) ⊂ W . Therefore E computes mld(W ; X, a c ). The proof of (2) follows in the same way.
Lemma 3.2. Let X be a Q-Gorenstein normal variety, W be a closed subset of X, η ∈ X be a point, a ⊂ O X be a non-zero ideal sheaf and c ∈ Q ≥0 . Then (1) There exists a prime divisor E over X computing mld(W ; X, a c ).
(2) There exists a prime divisor E over X computing mld(η; X, a c ).
Proof.
(1) We may assume that mld(W ; X, a c ) ≥ 0 by Lemma 3.1. Let r = min{r ∈ N | rK X is Cartier} and p, q ∈ Z ≥0 with c = p q . Since a(E; X, a c ) ∈ 1 rq Z ≥0 for any divisor E over X with c X (E) ⊂ W , the set {a(E; X, a c ) | c X (E) ⊂ W } satisfies the descending chain condition. Therefore there exists a prime divisor E over X computing mld(W ; X, a c ).
The proof of (2) follows in the same way.
Proposition 3.3. Let X be a log canonical variety, W be a closed subset of X, η ∈ X be a point, a ⊂ O X be a non-zero ideal sheaf and c ∈ R ≥0 .
This implies that a(E; X, a c ) ≥ 0 for any prime divisor
. This implies that a(E; X, a c ) < 0. Thus mld(W ; X, a c ) = −∞. The proofs of (3), (4) follow in the same way.
Theorem 3.4. Let X be a log canonical variety, W be a closed subset of X, η ∈ X be a point, a ⊂ O X be a non-zero ideal sheaf and c ∈ R ≥0 .
(1) If c = lct W (a), then there exists a prime divisor E over X computing mld(W ; X, a c ). (2) If c = lct η (a), then there exists a prime divisor E over X computing mld(η; X, a c ).
(1) If c > lct W (a), then this follows from Lemma 3.1 and Proposition 3.3. We assume that c < lct W (a). If the conclusion of this theorem fails, then Since c < lct W (a), there exists δ > 0 such that c + δ < lct W (a) and c + δ ∈ Q >0 . By Lemma 3.2, there exists a prime divisor F over X computing mld(W ; X, a c+δ ). Then we have for i ∈ N, a(E i ; X, a c+δ ) ≥ a(F ; X, a c+δ ) = mld(W ; X, a c+δ ).
This implies that
Since ord Ei (a) < ord Ei+1 (a) and ord Ei (a) ∈ Z ≥0 , there exists j ∈ N such that ord Ei (a) ≥ ord F (a) for any i with i ≥ j. Therefore for any i with i ≥ j, a(E i ; X, a c ) ≥ a(F ; X, a c ) ≥ mld(W ; X, a c ).
By the squeeze theorem, we have a(F ; X, a c ) = mld(W ; X, a c ), which is a contradiction. Hence there exists a prime divisor E over X computing mld(W ; X, a c ).
Remark 3.5. This theorem can be easily extended for the combination of ideals a 1 , . . . , a n instead of one ideal a. I.e., we have if 1 = lct W (a c1 1 · · · a cn n ), then there exists a prime divisor E over X computing mld(W ; X, a c1 1 · · · a cn n ). Corollary 3.6. Let X be a log canonical variety, W be a closed subset of X, I W be the defining ideal of W , a ⊂ O X be a non-zero ideal sheaf and c ∈ R ≥0 . Suppose that c = lct W (a). Then there exists a natural number m such that mld(W ; X, a c ) = mld(W ; X, (a + I m W ) c ).
Proof. Since a ⊂ a + I n W for any n ∈ N, we have mld(W ; X, a c ) ≤ mld(W ; X, (a + I n W ) c ). By Theorem 3.4, there exists a prime divisor E over X computing mld(W ; X, a c ). For m ∈ N with m > ord E (a), we have ord E (a) = ord E (a + I m W ). Therefore for m ∈ N with m > ord E (a), we have a(E; X, a c ) = a(E; X, (a + I m W ) c ) ≥ mld(W ; X, (a + I m W ) c ). Hence this corollary holds. Let E and E i be prime divisors over X computing mld(W ; X, a c ) and mld(W ; X, a c+si ), respectively. Then for i ∈ N, a(E; X, a c+si ) ≥ a(E i ; X, a c+si ) and a(E i+1 ; X, a c+si ) ≥ a(E i ; X, a c+si ).
Hence we have
.
Since E and E i+1 compute mld(W ; X, a c ) and mld(W ; X, a c+si+1 ), respectively, we have for i ∈ N, ord E (a) ≤ ord Ei+1 (a) ≤ ord Ei (a).
Note that mld(W ; X, a c+si ) ≤ mld(W ; X, a c+si+1 ) ≤ mld(W ; X, a c ). Let r = min{r ∈ N | rK X is Cartier}. We can find k ∈ 1 r Z, m ∈ Z ≥0 and a sequence of natural numbers {a j } j∈N such that for j ∈ N, a j < a j+1 , m = ord Ea j (a) and k = k Ea j .
Note that a(E aj ; X, a c ) = k + 1 − cm. Since a(E; X, a c ) ≤ a(E aj ; X, a c ) ≤ a(E; X, a c ) − s aj (ord E (a) − ord Ea j (a)), by the squeeze theorem, we have a(E; X, a c ) = a(E aj ; X, a c ). Therefore E aj computes mld(W ; X, a c ) and mld(W ; X, a c+sa j ).
The proof of (2) follows in the same way. Proof.
(1) By Lemma 3.7, there exist δ > 0 and a prime divisor E over X such that c + δ < lct W (a) and E computes mld(W ; X, a c ) and mld(W ; X, a c+δ ). Let s be a positive real number with s ∈ (0, δ). By Theorem 3.4, there exists a prime divisor E s over X computing mld(W ; X, a c+s ). Then a(E; X, a c+s ) ≥ a(E s ; X, a c+s ) and a(E s ; X, a c+δ ) ≥ a(E; X, a c+δ ).
These inequalities imply that a(E s ; X, a c ) − a(E; X, a c ) ≥ δ(ord Es (a) − ord E (a)) ≥ s(ord Es (a) − ord E (a)) ≥ a(E s ; X, a c ) − a(E; X, a c ).
Therefore we have ord Es (a) = ord E (a) and a(E s ; X, a c ) = a(E; X, a c ). Hence a(E s ; X, a c+s ) = a(E; X, a c+s ). This implies that for any s ∈ [0, δ], E computes mld(W ; X, a c+s ). The proof of (2) follows in the same way. 
Semicontinuity of minimal log discrepancies
In this section, we prove the LSC conjecture for smooth varieties using jet schemes. We remark that in this section we always assume that c < lct(a) in order to be able to apply Theorem 3.4. Lemma 4.1. Let X be a smooth variety, η ∈ X be a (not necessarily closed) point, a ⊂ O X be a non-zero ideal sheaf and c ∈ R ≥0 . Suppose that c < lct(a). Let E be a prime divisor over X computing mld(η; X, a c ) and l = ord E (a). Then, we have mld(η; X, a c ) = codim(Cont ≥l (a) ∩ π −1 ∞ (η)) − cl. Proof. By Theorem 2.10, we have mld(η; X, a c ) ≤ codim(Cont ≥l (a) ∩ π −1 ∞ (η)) − cl. Let f : Y → X be a birational morphism such that Y is normal and E appears on Y . Let p be the generic point of E, f ∞ : Y ∞ → X ∞ be the morphism of arc spaces corresponding to f and C X (ord E ) = f ∞ ((π Y ∞ ) −1 (p)). Then codim(C X (ord E )) = k E + 1 by [8, Theorem 3.13 ]. Therefore we have codim(Cont ≥l (a) ∩ π −1 ∞ (η)) − cl ≤ codim(C X (ord E )) − cl = k E + 1 − cord E (a) = a(E; X, a c ) = mld(η; X, a c ).
Lemma 4.2. Let X be a smooth variety, a ⊂ O X be a non-zero ideal sheaf and c ∈ R ≥0 . Suppose that c < lct(a). Then there exists l ∈ N such that l ≥ sup ord E (a) | η ∈ X, E computes mld(η; X, a c ) .
Proof. Assume that sup ord E (a) | η ∈ X, E computes mld(η; X, a c ) = ∞.
Then there exist points {η i } i∈N of X and prime divisors {E i } i∈N over X such that E i computes mld(η i ; X, a c ) and lim i→∞ ord Ei (a) = ∞. Let δ be a positive real number with c + δ < lct(a). Note that mld(η i ; X, a c ) ≤ mld(η i ; X, O X ) ≤ dimX (See [8, Corollary 3.27] ). For i with δord Ei (a) > dimX,
which is a contradiction to mld(η i ; X, a c+δ ) ≥ 0. Therefore this lemma holds. Recall that k * has a natural action on jet schemes. Let X be a scheme of finite type over k.
of k * on Speck[t]/(t m+1 ). Therefore, it gives an action
For a closed point x ∈ X, we denote by m x the defining ideal of x. Proof. If m = 0, then codim(Cont ≥m (a) ∩ Cont ≥1 (m x )) = dimX for any closed point x ∈ X. Hence this lemma holds when m = 0. We assume that m ≥ 1. Note that
Therefore it is enough to show that the map
is upper semicontinuous. Let φ : Cont ≥m (a) m−1 → X m−1 be the closed immersion and ψ = π m−1 • φ. Then for every n ∈ Z ≥0 ,
is a closed subset by [5, Theorem 14.110 ]. Then F n is k * -invariant. Indeed, let K be a field with k ⊂ K, γ : SpecK[t]/(t m ) → X, a ∈ k * and a * : SpecK[t]/(t m ) → SpecK[t]/(t m ) be the morphism induced by t → at. Then µ Xm−1 (a, γ) = γ • a * . This implies that π m−1 µ Xm−1 (k * ×{γ}) = π m−1 (γ) and ord γ (a) = ord µX m−1 (a,γ) (a). Therefore F n is k * -invariant. By [6, Proposition 3.2] ,
is upper semicontinuous.
Theorem 4.5. Let X be a smooth variety, a ⊂ O X be a non-zero ideal sheaf and c ∈ R ≥0 . Suppose that c < lct(a). Then the map |X| → R ≥0 , x → mld(x; X, a c ) is lower semicontinuous, where |X| is the set of all closed points of X.
Proof. Note that since π −1 ∞ (x) = Cont ≥1 (m x ) for any closed point x ∈ X, codim(Cont ≥m (a) ∩ π −1 ∞ (x)) = codim(Cont ≥m (a) ∩ Cont ≥1 (m x )). By Proposition 4.3, there exists l ∈ N such that for any closed point x ∈ X,
Since the map |X| → R ≥0 , x → codim(Cont ≥m (a) ∩ Cont ≥1 (m x )) − cm is lower semicontinuous by Lemma 4.4, the map |X| → R ≥0 , x → mld(x; X, a c ) is lower semicontinuous.
Corollary 4.6. Let X be a smooth variety, a ⊂ O X be a non-zero ideal sheaf and c ∈ R ≥0 . Suppose that c < lct(a). Then the set {mld(η; X, a c ) | η ∈ X} is a finite set.
Proof. By Proposition 4.3, there exists l ∈ N such that for any point η ∈ X, mld(η; X, a c ) = min 0≤m≤l codim(Cont ≥m (a) ∩ π −1 ∞ (η)) − cm .
Assume that {mld(η; X, a c ) | η ∈ X} is an infinite set. Then there exist n ∈ Z ≥0 with 0 ≤ n ≤ l and points {η i } i∈N of X such that mld(η i ; X, a c ) = codim(Cont ≥n (a) ∩ π −1 ∞ (η i )) − cn for i ∈ N and {codim(Cont ≥n (a) ∩ π −1 ∞ (η i )) | i ∈ N} is an infinite set. Since codim(Cont ≥n (a) ∩ π −1 ∞ (η i )) is a non-negative integer, we have sup
This implies that sup
which is a contradiction to mld(η i ; X, a c ) ≤ dimX (See [8, Corollary 3.27]).
Comparing the minimal log discrepancies of a smooth variety with different centers, we have the following relation, which is a standard application of Theorem 2.10. In [1] , Ambro conjectured the statement holds even for a singular variety.
For a closed subvareity W of a variety X, we denote by η W the generic point of W . [8] , the above theorem is stated when c = 1. However, the same proof works when c ∈ R ≥0 .
The following shows that the equality in Proposition 4.7 holds for general V even in positive characteristic, if we assume c < lct(a). 
